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Reply by Authors to R.P. Eddy

E. Dale Martin* and Harvard Lomaxt
NASA Ames Research Center, Moffett Field, Calif.

THE authors appreciate Eddy's comments on Ref. 1. How-
ever we should comment on some of the points he raised.

The statement made near the end of Ref. 1 to which Eddy's
first sentence refers is: "Considered to be the main con-
tribution here is a scheme that determines appropriate suc-
cessive approximations for use in the Aitken/Shanks formula
to accelerate the iterative convergence..." The scheme
referred to is a new approach for finding successive ap-
proximations to vector solutions of partial differential
equations in a most nearly geometric sequence for use in the
Aitken acceleration formula. Because Shanks2 has shown
that the formula works best if the sequence is "nearly
geometric," the approach described in Ref. 1 seeks to obtain
successive iterates that are in a most nearly geometric se-
quence, by automatically producing an appropriate "artificial
power series" at each field point. A modified form of the
method has been given in Ref. 3, with additional results given
in Ref. 4. The two forms of the acceleration technique are
described in more detail in Ref. 5.

Eddy states that his main purpose is to emphasize the con-
ditions under which the Aitken/Shanks formula can be used
to extrapolate to the sum of a series. He then starts with his
Eq. (2) as a condition and obtains the Aitken/Shanks formula
(often called Aitken's A2 process). Therefore, he has shown,
as is well known,2 '6 that his Eq. (2) with constant ' V is a suf-
ficient condition for the Aitken formula to give an exact ex-
trapolation. However, it is by no means a necessary condition
for the formula to be effective, as implied by Eddy's descrip- x
tion. For example, Ref. 5 gives an example problem ("Exam-
ple 2") for which the iterated solutions are "nearly
geometric" (as defined by Shanks2 in the limit of large n) with
the ratio of terms (Eddy's ' V) in the series being u'n+l/u'n
= -x(n+2)/(n + l)\ and at x = 0.5 the solutions for the
terms (Uj,u2,u3) are (1.00, -.75, .50). Thus, the ratios of
terms are respectively - 3/4 and - 2/3 at the beginning of the
series, and so that ratio is not nearly a constant for the first
three terms. Nevertheless, the extrapolation formula applied
to those three terms gives w*(.5) = .55, which has only a one-
percent error from the exact solution, w(.5) = 5/9. Fur-
thermore, in the subsonic and slightly supercritical flow cases
computed and listed in Table 2 of Ref. 1, the method also
worked very well at the beginning of the sequence of
iterations. Thus, for solutions that are expected to be suf-
ficiently well-behaved it seems to be worthwhile to attempt to
use the acceleration method near the beginning of the
iteration, not just after many iterations, and not just when the
ratio "a" is nearly independent of n. Thus, although we ap-
preciate Eddy's derivation of the conditions, Eqs. (17) or (19),
under which the method would "work perfectly" (if Uwere a
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scalar), we feel that the method should not have the restrictive
conditions that Eddy would impose, but that it can also be
used in situations where intuition and experience suggest it
may be useful.

Of course, the method is not guaranteed to work well at the
beginning of the sequence in all cases. For example, shock
waves may occur that are not well-defined or well-located
when the iteration starts, and then early use of the ex-
trapolation may give a very poor result. However, U0 may be
the resulting solution from any previous iteration (e.g., at
some n when the solution is nearly converged), and UIt U2,
U3 (where un (jt) is a component of the vector Un (x) are then
succeeding iterates found according to the special procedure.

It should be mentioned that a difficulty can occur when the
solution Un is close to convergence at one or more points in
the field. Destructive errors are introduced by the subtractions
and the consequent loss of significant figures in the use of the
form (Uiu3—u2

2)/(ul—2u2 + u3) when successive iterates
are nearly constant. Because of this, a modified version of the
procedure was developed. The modification uses the different
form (e.g., see Shanks2)

u*(x)=u'i-(u2)2/(u3-u2) (1)

where

u'n(x)=un-un_h n = 2,3,...,

(2)

for the extrapolation. This method was used in both Refs. 3
and 4 to accelerate transonic-flow cases.

Finally, the authors were aware from reading Shanks2 and
others that the Aitken A2 process is a simple Pad£ ap-
proximant if the successive iterates to be used are partial sums
of a power series. And even though the elegant e-algorithm of
Wynn, with the longer sequences introduced by Shanks, could
be used,5 we have emphasized the use of the simplest ex-
trapolation formula because it requires less computer storage
than other forms of the e-algorithm, and the eventual ap-
plications are expected to be those numerical problems
requiring significant computer storage.
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